Entangledness in Suslin lines and trees by Krueger, John
ar
X
iv
:1
91
0.
08
79
3v
1 
 [m
ath
.L
O]
  1
9 O
ct 
20
19
ENTANGLEDNESS IN SUSLIN LINES AND TREES
JOHN KRUEGER
Abstract. We introduce the idea of a weakly entangled linear order, and show
that it is consistent for a Suslin line to be weakly entangled. We generalize
the notion of entangled linear orders to ω1-trees, and prove that an ω1-tree
is entangled iff it is free. We force the existence of a Suslin tree which is n-
entangled, but all of whose derived trees of dimension n + 1 are special, for
any positive n < ω.
This article is concerned with the property of entangledness in Suslin lines and
trees. The idea of an entangled linear order was originally introduced by Abraham
and Shelah [1] in the context of ω1-dense sets of reals. Recall that an uncountable
linear order L is n-entangled, where n is a positive integer, if for any pairwise
disjoint sequence 〈(aξ,0, . . . , aξ,n−1) : ξ < ω1〉 of increasing n-tuples of L and any
function g : n → 2, there exist ξ < β < ω1 such that for all i < n, aξ,i <L aβ,i iff
g(i) = 1. And L is entangled if it is n-entangled for all positive integers n.
The concept of entangledness is closely tied to topological properties of the linear
order L. For example, if L is 2-entangled then L has the countable chain condition,
and if L is 3-entangled then L is separable. So any 3-entangled dense linear order
is order isomorphic to a set of reals. Todorcevic [7] proved that if there exists an
entangled linear order, then there exist c.c.c. forcing posets P and Q such that
P×Q is not c.c.c. It follows that Martin’s axiom together with the negation of the
continuum hypothesis implies that there does not exist an entangled linear order.
Recall that a Suslin line is a linear order with the countable chain condition which
is not separable. By the remarks above, a Suslin line cannot be 3-entangled. In this
article we introduce a natural weakening of the property of entangledness which can
consistently be satisfied by a Suslin line. For any positive integer n, we say that a
linear order L is weakly n-entangled if the property described in the first paragraph
holds, except only for pairwise disjoint sequences 〈(aξ,0, . . . , aξ,n−1) : ξ < ω1〉 of
increasing n-tuples of L which have the property that there exist c0 <L . . . <L cn−1
such that for all ξ < ω1 and i < n− 1, aξ,i <L ci <L aξ,i+1.
We will prove that it is consistent for a Suslin line to be weakly n-entangled
for all positive integers n. Any dense c.c.c. linear order is weakly 2-entangled iff
it is 2-entangled, so it is consistent for a Suslin line to be 2-entangled. However,
this equivalence fails if L is not dense. If L is dense and separable, then L is n-
entangled iff L is weakly n-entangled. Thus, we have found a natural weakening of
entangledness which coincides with entangledness for dense separable linear orders,
but can consistently be satisfied by Suslin lines.
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It is a reasonable question to ask whether the concept of entangledness has any
significance for partial orders other than linear orders. In this article, we introduce
a natural definition of entangledness in the class of ω1-trees. Recall that an ω1-tree
is a tree of height ω1 all of whose levels are countable, and a Suslin tree is an ω1-tree
which has no uncountable chains or antichains. As is well-known, there exists a
Suslin line iff there exists a Suslin tree.
Let T be an ω1-tree. For any distinct nodes x and y of T , define ∆(x, y) as the
order type of the set {z ∈ T : z <T x, y}. For any positive integer n, we say that an
ω1-tree T is n-entangled if for all sequences 〈(aξ,0, . . . , aξ,n−1) : ξ < ω1〉 of injective
n-tuples which satisfy that the set of ordinals
{∆(aξ,i, aξ,j) : i < j < n, ξ < ω1}
is bounded in ω1, for all g : n → 2 there exist ξ < β < ω1 such that for all i < n,
aξ,i <T aβ,i iff g(i) = 1. The restriction on ∆ is required, since any Suslin tree
fails to have the property without this restriction. We will see that an ω1-tree T is
1-entangled iff it is Suslin, and more generally, T is n-entangled iff all of its derived
trees of dimension n are Suslin. We will also prove that for any positive integer
n, it is consistent for a Suslin tree to be n-entangled, but all of its derived trees of
dimension n+ 1 are special.
1. Background
A tree is a set T together with a strict partial ordering <T such that for any
node x of T , the set of nodes below x is well-ordered by <T . The order type of
the set of nodes below a given node x is the height of x, denoted by htT (x). The
height of T is the least ordinal γ such that there are no nodes in T of height γ. Let
Tβ denote the set of nodes of T of height β, which is called level β of T , and let
T ↾ γ :=
⋃
{Tβ : β < γ}. Distinct nodes x and y of T are comparable if x <T y
or y <T x, and otherwise they are incomparable. A chain of T is a set of pairwise
comparable nodes, and an antichain of T is a set of pairwise incomparable nodes. A
node of T is terminal if it has nothing above it in T , and otherwise is non-terminal.
A branch is a maximal chain. A subset of T is cofinal if the heights of its nodes
constitutes a cofinal subset of the height of T . A tree of height ω1 whose levels are
countable is an ω1-tree.
A tree T is normal if (a) for every node x in T such that htT (x) + 1 is less than
the height of T , x has incomparable nodes above it, (b) every node of T has nodes
comparable to it at any height less than the height of the tree, and (c) any two
nodes of the same limit ordinal height have a different set of nodes below them. An
Aronszajn tree is an ω1-tree with no cofinal branch, or equivalently, no uncountable
chain. A Suslin tree is an ω1-tree with no uncountable chain and no uncountable
antichain. If T is a normal ω1-tree, then T is Suslin iff T has no uncountable
antichain. An ω1-tree T is special if there exists a function f : T → ω such that
x <T y implies f(x) 6= f(y). It is not hard to see that any special ω1-tree is an
Aronszajn tree and is not a Suslin tree. A subtree of a tree is any subset of the
tree equipped with the same partial ordering. Any subtree is easily a tree. For all
a ∈ T , Ta denotes the subtree of T consisting of all nodes b such that a ≤T b. If
U is an uncountable subtree of T , then if T is either Aronszajn, special, or Suslin,
then U is Aronszajn, special, or Suslin respectively.
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Let T be a tree. If x ∈ T and β ≤ htT (x), let prT (x, β) denote the unique node
less than or equal to x of height β. Define a function ∆ on pairs of nodes by
∆(x, y) := ot{z : z ≤T x, y},
where ot denotes order type. If x ≤T y, then ∆(x, y) = htT (x) + 1. If x and y are
incomparable, then ∆(x, y) is the least ordinal β less than or equal to the heights
of x and y such that prT (x, β) 6= prT (y, β). Note that if T is normal then the set
{z : z ≤T x, y} has a maximum element, and the height of that maximum element
is equal to ∆(x, y) − 1. In particular, if T is normal then ∆(x, y) is a successor
ordinal.
Assume that T is an ω1-tree. The natural forcing for adding a cofinal branch of
T is the forcing PT whose underlying set is T and partially ordered by b ≤PT a if
a ≤T b for all a and b in T . Note that a subset of T is an antichain of T in the sense
of trees iff it is an antichain of PT in the sense of forcings. Thus, T is a Suslin tree
iff PT is ω1-c.c. Forcing with T means taking a generic extension by the forcing PT .
For each positive integer n, let T n denote the set of all n-tuples of nodes of T
each of the same height, partially ordered by (a0, . . . , an−1) <Tn (b0, . . . , bn−1) if
for all i < n, ai <T bi. It is easy to verify that T
n is an ω1-tree. Also, if T is normal,
Aronszajn, or special, then T n is normal, Aronszajn, or special respectively. It is
not necessarily true, however, that T being Suslin implies that T n is Suslin. By a
notation introduced above, if ~a ∈ T n, then T~a is the subtree of T
n consisting of all
n-tuples ~b such that ~a ≤Tn ~b. We are mostly interested in T~a when ~a is injective,
meaning that its elements are all distinct. A tree of the form T~a, where ~a ∈ T
n is
injective, is called a derived tree of T of dimension n.
Lemma 1.1. Assume that T is a normal Suslin tree. Let 2 ≤ n < ω. Then for all
injective ~a = (a0, . . . , an−1) ∈ T n, if T~a is Suslin, then for all m < n−1, T(a0,...,am)
forces that T(am+1,...,an−1) is Suslin.
Proof. Assume that T~a is Suslin and m < n − 1. Let P, Q, and R be the natural
forcings for adding a cofinal branch of the trees T~a, T(a0,...,am), and T(am+1,...,an−1)
respectively. Since T~a is Suslin, P is ω1-c.c. Now a standard result in forcing is that
a product P×Q of two forcings P and Q is ω1-c.c. iff P is ω1-c.c. and P forces that
Q is ω1-c.c. So it suffices to show that Q× R is ω1-c.c.
We claim that Q×R is forcing equivalent to P, and hence is ω1-c.c., which finishes
the proof. Given (~c, ~d) in the product Q×R, by normality we can find ~e and ~f above
~c and ~d respectively such that the elements of ~e and ~f all have the same height. It
easily follows from this observation that the map which sends (b0, . . . , bn−1) to the
pair ((b0, . . . , bm), (bm+1, . . . , bn−1)) is a dense embedding of P into Q× R. 
Definition 1.2. Let T be an ω1-tree. For each 1 ≤ n < ω, T is n-free if every
derived tree of T of dimension n is Suslin. The tree T is free if it is n-free for every
1 ≤ n < ω.
Note that T is 1-free iff T is Suslin. It is easy to see that if 1 ≤ n < m and T is
m-free, then T is n-free.
2. Suslin Lines and Trees
In this section we will develop some additional background material which is
needed for our main results. We will discuss Suslin lines and trees, a forcing for
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adding a Suslin tree with finite conditions, and prove some useful technical lemmas
which we will use later. Most of the results in this section are well-known.
Definition 2.1. Let L be a linear order.
(1) L is dense if for all a <L b, there exists c such that a <L c <L b;
(2) L has the countable chain condition, or is c.c.c., if there does not exist an
uncountable collection of pairwise disjoint nonempty open intervals;
(3) L is separable if there exists a countable set D ⊆ L such that for all a <L b,
if there exists c such that a <L c <L b, then there exists d ∈ D such that
a <L d <L b.
Observe that if a linear order is c.c.c., then it does not have any uncountable
strictly increasing or decreasing sequences. Also, any separable linear order is c.c.c.
Definition 2.2. A Suslin line is a linear order which is c.c.c. but not separable.
Assume that T is a normal Suslin tree such that the set of immediate successors
of any node in T is equipped with a linear ordering isomorphic to the rationals.
For any node x, denote this ordering of the successors of x by <x. We will refer to
such a tree as a tree with rational successors. For any normal Suslin tree T with
rational successors, we define a linear order S, called the lexicographical order of T ,
as follows.
Consider distinct nodes a and b of T . If a <T b, then we define a <S b, and if
b <T a, then we define b <S a. Now assume that a and b are incomparable in T .
Since T is normal, there exists a largest ordinal γ strictly less than the heights of
a and b such that x := prT (a, γ) is equal to prT (b, γ), namely, γ = ∆(a, b)− 1. Let
y := prT (a, γ + 1) and z := prT (b, γ + 1). Then y and z are distinct immediate
successors of x. Define a <S b if y <x z, and b <S a if z <x y. A routine argument
which splits into many different cases shows that S is transitive, and it is clearly
total and irreflexive. Hence, S is a linear order. One can also easily show that S is
dense.
Lemma 2.3. Assume that T is a normal Suslin tree with rational successors. Let
S be the lexicographical order of T . Then S is a Suslin line.
Proof. We have already established that S is a linear order. To see that S is not
separable, consider a countable set D ⊆ S. Then we can find x ∈ T such that for
all a ∈ D, htT (a) < htT (x). Pick y and z which are immediate successors of x such
that y <x z. Then for all a ∈ T ↾ htT (x), a <T y iff a <T x iff a <T z. It easily
follows that there is no member of D which is in between y and z.
To see that S is c.c.c, we first observe that for all a <S b, there exists x ∈ T
such that for all y ≥T x, a <S y <S b. Namely, if a <T b, then let x be an
immediate successor of a such that x <a prT (b, htT (x) + 1). Suppose that a and b
are incomparable. Choose x as an immediate successor of c := prT (a,∆(a, b)−1) =
prT (b,∆(a, b)− 1) such that
prT (a,∆(a, b)) <c x <c prT (b,∆(a, b)).
Now assume that {(ai, bi) : i < ω1} is an uncountable family of pairwise disjoint
open intervals of S. For each i < ω1 choose xi such that for all y ≥T xi, ai <S y <S
bi. Then the disjointness of the open intervals easily implies that {xi : i < ω1} is
an antichain of T , which contradicts that T is Suslin. 
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Lemma 2.4. Assume that T is a normal Suslin tree with rational successors. Let S
be the lexicographical order of T . Suppose that a, b, and c are nodes of T satisfying:
(1) htT (c) < htT (a), htT (b);
(2) a <S c <S b.
Then for all d, if d ≤T a, b, then htT (d) < htT (c). In particular, a and b are
incomparable in T .
Proof. We have that a <S c but it is not the case that a <T c. So there exists
x <T a, c, and immediate successors y and z of x such that y ≤T a, z ≤T c, and
y <x z. Suppose for a contradiction that d ≤T a, b but htT (c) ≤ htT (d). Since y
and d are both less than or equal to a but y has height less than or equal to the
height of d, it follows that y ≤T d. Hence y ≤T b. It follows that y witnesses that
b <S c, contradicting that c <S b. 
We now turn to developing a forcing poset for adding a Suslin tree with rational
successors using finite conditions. This forcing, which is a minor variation of the
forcing of S. Tennenbaum [6], will be used in some form in all of the consistency
results of this article. In addition to defining and proving the main facts about this
forcing, we will also prove several technical lemmas which will be needed in later
sections.
We fix some notation. Let Q denote the rationals. For each α < ω1, let Qα :=
{(α, q) : q ∈ Q}. Define (α, q) <α (α, r) if q < r in Q. With this ordering, Qα is
isomorphic to the rationals. Let Q∗ :=
⋃
{Qα : α < ω1}. Define a function h on Q∗
by h(α, q) := α for all (α, q) ∈ Q∗. The forcing poset P we will define introduces a
Suslin tree T such that for all α < ω1, Qα is equal to level α of T . In particular,
the function h will coincide with the height function htT in the generic extension.
Definition 2.5. A condition in P is any finite tree p whose nodes belong to Q∗ and
satisfies that x <p y implies h(x) < h(y).
1 Let q ≤ p if q end-extends p, that is, the
underlying set of p is a subset of the underlying set of q and for all x and y in p,
x <p y iff x <q y.
For a condition p ∈ P and an ordinal α < ω1, let p ↾ α denote the subtree of p
consisting of nodes x in p such that h(x) < α, and p \ α the subtree consisting of
nodes x such that h(x) ≥ α.
Lemma 2.6. Let p ∈ P and a and b nodes of p such that a is the immediate
predecessor of b. Let x ∈ Q∗ such that x is not in p and satisfies that h(a) < h(x) <
h(b). Then there exists q ≤ p with underlying set p ∪ {x} such that a <q x <q b,
and for any pair of nodes (c, d) from p other than the pair (a, b), c is the immediate
predecessor of d in q iff c is the immediate predecessor of d in p.
Proof. Let q have underlying set p ∪ {x}, and define c <q d if either:
(1) c <p d,
(2) c ≤p a and d = x, or
(3) c = x and b ≤p d.
1The relation on a tree p ∈ P will be denoted by <p. Note that h(x) is not the height of the
node x in p, but rather its first coordinate as an ordered pair. For a finite ordered set, being a
tree is equivalent to its relation being irreflexive, transitive, and downwards linear, meaning that
any two nodes below a given node are comparable in the relation.
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A routine argument by checking cases shows that q is in P. Clearly q ≤ p and
a <q x <q b.
Consider a pair of nodes (c, d) from p which is different than the pair (a, b). We
claim that c is the immediate predecessor of d in p iff c is the immediate predecessor
of d in q. The reverse implication is immediate from the fact that q end-extends p.
Conversely, suppose that c is the immediate predecessor of d in p. If d is equal to
b, then c = a is the unique predecessor of d in p, which contradicts that the pair
(c, d) is different from the pair (a, b). Thus, d 6= b. Suppose for a contradiction that
c is not the immediate predecessor of d in q. Since q end-extends p and x is the
only node of q which is not in p, this means that c <q x <q d. By the definition
of <q and since b 6= d, we have that c ≤p a and b <p d. Thus, c <p b <p d, which
contradicts that c is the immediate predecessor of d in p. 
Lemma 2.7. Let p ∈ P. Suppose that {(ai, bi) : i < n} is a family of distinct
pairs, where 0 < n < ω, such that for each i < n, ai is the immediate predecessor
of bi in p. Let x0, . . . , xn−1 be distinct members of Q
∗ satisfying that for all i < n,
h(ai) < h(xi) < h(bi). Then there exists q ≤ p with underlying set equal to the
underlying set of p together with x0, . . . , xn−1 such that for all i < n, ai <q xi <q bi.
Proof. Apply the preceding lemma inductively n many times. 
The next lemma describes the basic method which we will use for proving the
compatibility of conditions in P and related forcings.
Lemma 2.8. Let p and q be in P, α < β < ω1, and n < ω. Assume:
(1) p ↾ α = q ↾ β;
(2) for all x ∈ p \ α, h(x) < β;
(3) {bi : i < n} is a set of pairwise incomparable nodes in p\α and {ci : i < n}
is a set of distinct minimal nodes of q \ β;
(4) for each i < n, the set {x ∈ p ↾ α : x <p bi} is equal to the set {y ∈ q ↾ β :
y <q ci}.
Then there exists r ∈ P which end-extends p and q, has underlying set p ∪ q, and
satisfies that for all b ∈ p \ α and c ∈ q \ β, b <r c iff for some i < n, b ≤p bi and
ci ≤q c.
2
Proof. Define r with underlying set p∪ q so that for all distinct b and c in r, b <r c
iff at least one of the following is true:
(1) b <p c,
(2) b <q c, or
(3) for some i < n, b ≤p bi and ci ≤q c.
The relation on r is irreflexive, and the proof that it is transitive and downwards
linear is a routine verification. Clearly r end-extends p and q, and by definition has
the required property described in the lemma. 
Corollary 2.9. The forcing poset P is ω1-Knaster.
Proof. Let 〈pα : α < ω1〉 be a sequence of distinct conditions of P. Since each pα
is finite, a straightforward thinning out argument yields a stationary set S ⊆ ω1 so
that for all α < β in S, pα ↾ α = pβ ↾ β and for all x ∈ pα \ α, h(x) < β. Now for
2If n = 0, then the sets described in (3) are empty, so q has no relations between members of
p \ α and q \ β.
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any α < β in S, apply Lemma 2.8 (where n = 0 for assumption (3)) to see that pα
and pβ are compatible. 
Consider a generic filter G on P. Define T in V [G] to be the set of nodes which
belong to some tree in G, and let b <T a if for some p ∈ G, b <p a. The following is
a list of basic facts about T which follow easily from the definition of P and Lemma
2.6:
(1) T is a tree;
(2) the underlying set of T is equal to Q∗, and for all α < ω1, level α of T is
exactly Qα; in particular, T is an ω1-tree;
(3) T is normal;
(4) T has rational successors.
Let T˙ be a P-name which is forced to be the tree just described. Observe that by
(2), P forces that the functions h and htT˙ coincide.
Proposition 2.10. The forcing poset P forces that T˙ is a Suslin tree.
Proof. Since P forces that T˙ is a normal ω1-tree, it suffices to show that P forces
that T˙ does not have an uncountable antichain. Suppose for a contradiction that
some condition p forces that 〈a˙α : α < ω1〉 is an uncountable antichain of T˙ . For
each α < ω1, choose pα ≤ p and aα such that aα ∈ pα and pα forces that aα = a˙α.
Using a standard thinning out argument, we can find a stationary set S ⊆ ω1
satisfying that for all α < β in S, pα ↾ α = pβ ↾ β, and for all x ∈ pα \α, h(x) < β.
By Lemma 2.8, for all α < β in S, pα and pβ are compatible in P. By thinning out
further if necessary, we may assume that for all α ∈ S, h(aα) ≥ α (otherwise we can
find α < β for which aα = aβ , which contradicts that pα and pβ are compatible).
Now fix a stationary set U ⊆ S such that for all α < β in U ,
{y ∈ pα ↾ α : y <pα aα} = {y ∈ pβ ↾ β : y <pβ aβ}.
Consider α < β in U . Let a∗β be the minimum member of pβ \ β below aβ.
Applying Lemma 2.8 to pα and pβ and the sets {aα} and {a∗β}, we can find r ≤
pα, pβ such that aα <r a
∗
β . Then aα <r aβ , which contradicts that r forces that a˙α
and a˙β are incomparable in T˙ . 
Since T˙ has rational successors, we can define the lexicographical ordering on T˙
which is a Suslin line in V P. We let S˙ be a P-name for this Suslin line.
Lemma 2.11. Assume that p ∈ P, x, y, z, a, and b are distinct members of p, and
(1) x <p y <p a;
(2) x <p z <p b;
(3) h(y) = h(z) = h(x) + 1;
(4) y <h(x)+1 z.
Then p forces that a <S˙ b.
Proof. Note that p forces that y and z are both immediate successors of x in T˙ , and
a and b are incomparable in T˙ . By the definition of the lexicographical ordering of
T˙ , p forces that a <S˙ b as witnessed by y and z. 
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3. Entangledness in Suslin lines
The notion of an entangled set of reals was introduced by Abraham and Shelah
[1]. We can define the idea more generally for linear orders, as noted by Todorcevic
[7].
Definition 3.1. Let L be an uncountable linear order. For each 1 ≤ n < ω, L is
n-entangled if for any sequence
〈(aξ,0, . . . , aξ,n−1) : ξ < ω1〉
of pairwise disjoint increasing n-tuples from L, for any function g : n → 2, there
exist ξ < δ < ω1 such that for all i < n, aξ,i <L aδ,i iff g(i) = 1.
3 We say that L is
entangled if it is n-entangled for all 1 ≤ n < ω.
We make several easy observations. Any linear order is 1-entangled. If L is n-
entangled, then any uncountable suborder of it is also n-entangled. If there exists
a countable set Y ⊆ L such that L \ Y is n-entangled, then L is n-entangled. If
1 ≤ m < n < ω, then n-entangled implies m-entangled.
We introduce some useful terminology for discussing entangledness. A function
g : n → 2 will be referred to as a type. If the property described in the definition
holds for ξ < δ and g, we say that the sequence of n-tuples realizes the type g, and
that the pair of n-tuples (aξ,0, . . . , aξ,n−1) and (aβ,0, . . . , aβ,n−1) satisfies the type
g. Satisfying a type is not order dependent, so the pair of n-tuples also satisfies the
type 1 − g. Hence, a sequence of n-tuples realizes a type g iff it realizes the type
1− g. We sometimes identify a type with a sequence of 0’s and 1’s in the obvious
way. Observe that any linear order is 1-entangled, so the notion only becomes
substantial when n ≥ 2.
Todorcevic [7] pointed out without proof that any 2-entangled linear order is
c.c.c., and any 3-entangled linear order is separable. We prove these facts for the
benefit of the reader.
Proposition 3.2. Let L be an uncountable linear order. If L is 2-entangled, then
L is c.c.c.
Proof. Suppose that L is not c.c.c. Then there exist pairwise disjoint nonempty
open intervals Iα = (aα, bα) for α < ω1. If α 6= β, then aα 6= aβ . For otherwise,
assuming that bα < bβ for concreteness, any element between aα and bα is in Iα∩Iβ .
Now bα = aβ is possible, but since it can only happen for at most one β by the
previous observation, we can inductively select uncountably many such intervals
where this does not happen. This way we may assume without loss of generality
that the sequence of pairs 〈(aα, bα) : α < ω1〉 is pairwise disjoint.
Suppose for a contradiction that for some α 6= β in ω1, the pair (aα, bα) and
(aβ , bβ) satisfies the type (1, 0). Without loss of generality, aα < aβ and bβ < bα.
Then Iβ ⊆ Iα, and since Iβ 6= ∅, Iα and Iβ are not disjoint, which is a contradiction.
Hence, L is not 2-entangled. 
Proposition 3.3. Let L be an uncountable linear order. If L is 3-entangled, then
L is separable.
3We say n-tuples (a0, . . . , an−1) and (b0, . . . , bn−1) are disjoint if ai 6= bj for all i, j < n.
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Proof. Assume that L is not separable, and we will show that L is not 3-entangled.
Since 3-entangled implies 2-entangled, if L is not 2-entangled then we are done. So
assume that L is 2-entangled. Then L is c.c.c. by Proposition 3.2.
Define an injective sequence of increasing pairs 〈(aξ, bξ) : ξ < ω1〉 from L induc-
tively as follows. Let δ < ω1, and assume that aβ and bβ are defined for all β < δ.
Since L is not separable, the set Eδ := {aβ, bβ : β < δ} is not dense. If there are
uncountably many pairs a <L b which form a nonempty open interval which does
not meet Eδ, then we may choose one such pair (aδ, bδ) which is not equal to the
pair (aβ , bβ) for any β < δ. If there are only countably many such pairs, then note
that for any such pair a <L b, the open interval with endpoints a and b must be
countable. But then we could add all such pairs and anything between them to Eδ
to produce a countable dense set, which is a contradiction.
We claim that each element of L occurs in a pair of the form (aβ , bβ) at most
countably often. Suppose for a contradiction that a ∈ L occurs uncountably often.
Then it occurs as the first or second member of such a pair uncountably often.
Without loss of generality assume the former, since the other case is similar. So
there exists an uncountable set X ⊆ ω1 such that for all β ∈ X , a = aβ. Then for
all β < ξ in X , since bβ is not in between aξ and bξ and bβ 6= bξ, we must have that
aβ = a = aξ <L bξ <L bβ . So 〈bβ : β ∈ X〉 is an uncountable strictly decreasing
sequence of elements of L, which contradicts that L is c.c.c.
Using the claim, we can thin out our sequence of pairs (aβ , bβ) for β < ω1 to
be pairwise disjoint on an uncountable set. Thus, without loss of generality we
may assume that the sequence 〈(aβ , bβ) : β < ω1〉 is a sequence of pairwise disjoint
increasing pairs from L. So for all β < ξ < ω1, neither aβ nor bβ are in the closed
interval [aξ, bξ].
We claim that for all γ < ω1, there are γ < ξ < δ < ω1 such that
aξ <L aδ <L bδ <L bξ
First, since L is c.c.c., there exist γ < ξ < δ < ω1 such that the open intervals
(aξ, bξ) and (aδ, bδ) are not disjoint. By the choice of our pairs, neither aξ nor bξ
are in the closed interval [aδ, bδ]. Since the intervals (aξ, bξ) and (aδ, bβ) meet each
other, obviously the only way that this can happen is that aξ <L aδ <L bδ <L bξ,
as required.
Using this claim, we can define by induction a sequence 〈(ξi, δi) : i < ω1〉 of
increasing pairs of ordinals in ω1 such that:
(1) for all i < ω1, aξi <L aδi <L bδi <L bξi ;
(2) for all i < j < ω1, δi < ξj .
For each i < ω1, let ~xi := (aξi , aδi , bξi). Then 〈~xi : i < ω1〉 is a pairwise disjoint
sequence of increasing 3-tuples. We claim that this sequence does not realize the
type g := (1, 0, 1), which implies that L is not 3-entangled.
Consider i < j < ω1, and we will show that ~xi and ~xj do not satisfy g. First,
assume that aξj <L aξi . Since aξi is not in the closed interval [aξj , bξj ], we must
have that bξj <L aξi . It follows that ~xi and ~xj satisfy the type (0, 0, 0), and hence
do not satisfy the type g.
Secondly, assume that aξi <L aξj . If ~xi and ~xj satisfy g = (1, 0, 1), then we must
have that
aξi <L aξj , aδj <L aδi , bξi <L bξj .
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Combining this with the other information we have, it follows that
aξi <L aξj <L aδj <L aδi <L bξi <L bξj .
In particular, bξi is in the interval [aξj , bξj ], which is a contradiction since ξi <
ξj . 
Corollary 3.4. Any dense 3-entangled linear order is order isomorphic to a set of
reals.
Proof. As is well-known, any dense separable linear order is isomorphic to a set of
reals. 
Corollary 3.5. Assume that L is a Suslin line. Then L is not 3-entangled.
We now introduce a natural weakening of the notion of entangledness in linear
orders which can be satisfied by a Suslin line. Recall that any linear order is 1-
entangled, so we restrict our attention to n ≥ 2.
Definition 3.6. Let L be a linear order and 2 ≤ n < ω. A sequence of pairwise
disjoint increasing n-tuples 〈(aξ,0, . . . , aξ,n−1) : ξ ∈ X〉 from L, where X ⊆ ω1, is
separated if there exist c0, c1, · · · , cn−2 in L such that:
∀ξ ∈ X ∀i < n− 1 aξ,i <L ci <L aξ,i+1.
Definition 3.7. Let L be an uncountable linear order. For each 2 ≤ n < ω, L is
weakly n-entangled if for any separated sequence
〈(aξ,0, . . . , aξ,n−1) : ξ < ω1〉
of pairwise disjoint increasing n-tuples from L, for any function g : n → 2, there
exist ξ < δ < ω1 such that for all i < n, aξ,i <L aδ,i iff g(i) = 1. We say that L is
weakly entangled if it is weakly n-entangled for all 2 ≤ n < ω.
We carry over all of the terminology about entangledness which was introduced
after Definition 3.1 to weak entangledness in the obvious way. Note that a linear
order L is n-entangled iff any separated sequence of pairwise disjoint increasing
n-tuples from L which is indexed by some uncountable subset of ω1 realizes any
type.
It turns out that weakly 2-entangled and 2-entangled coincide for dense c.c.c.
linear orders. This equivalence will not hold, however, when n ≥ 3. Namely, by
Corollary 3.5 a Suslin line cannot be 3-entangled, but as we will see below, a Suslin
line can be weakly entangled.
Proposition 3.8. Let L be a dense linear order which is c.c.c. Then L is 2-
entangled iff L is weakly 2-entangled.
Proof. The forward implication is obvious. For the reverse implication, assume that
L is weakly 2-entangled, and we will show that L is 2-entangled. Fix a sequence
〈(aξ, bξ) : ξ < ω1〉 of pairwise disjoint increasing pairs from L, and we will show
that this sequence realizes any type.
We split the proof into two cases. First, assume that there exists an uncountable
set X ⊆ ω1 and some c ∈ L such that for all ξ ∈ X , aξ <L c <L bξ. In this case,
the sequence 〈(aξ, bξ) : ξ ∈ X〉 is separated. Since L is weakly 2-entangled, this
sequence realizes any type, and therefore so does our original sequence.
Secondly, assume that there does not exist such a set X . Then for any c ∈ L,
there exists some γ < ω1 such that for all γ < δ < ω1, c is not in the open interval
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with endpoints aδ and bδ. Using this fact, by a straightforward induction we can
find an uncountable set Y ⊆ ω1 such that for all ξ < δ in Y , neither aξ nor bξ are
strictly in between aδ and bδ.
Observe that for all ξ < δ in Y , either:
(1) aξ < bξ < aδ,
(2) aξ < aδ < bδ < bξ, or
(3) bδ < aξ < bξ,
with the other possibilities being excluded by the choice of Y . In the first and third
case, the types (1, 1) and (0, 0) are both satisfied by (aξ, bξ) and (aδ, bδ). In the
second case, the types (1, 0) and (0, 1) are both satisfied by (aξ, bξ) and (aδ, bδ).
Hence, we will be done if we can show that case 2 occurs for some ξ < δ in Y , and
either case 1 or case 3 occurs for some ξ < δ in Y .
Suppose for a contradiction that case 2 does not occur. Then for all ξ < δ,
cases 1 and 3 imply that the intervals (aξ, bξ) and (aδ, bδ) are pairwise disjoint and
nonempty since L is dense. But this contradicts that L is c.c.c. Thus, indeed case
2 occurs. Now assume that neither case 1 nor 3 occurs. Then for all ξ < δ in
Y , aξ < aδ. So L contains a strictly increasing sequence of order type ω1, which
implies that L is not c.c.c., which again is a contradiction. 
Let us see that we cannot remove the assumption of being dense in the above
proposition. Namely, the linear order M in the next result is not dense.
Proposition 3.9. Suppose that L is a dense weakly 2-entangled c.c.c. linear or-
der. Then there exists a weakly 2-entangled c.c.c. linear order M which is not
2-entangled. Moreover, M is separable iff L is separable.
Proof. Consider M := L× 2 with the lexicographical ordering. So (a,m) <M (b, n)
iff either (1) a <L b, or (2) a = b, m = 0, and n = 1.
4 Note that for any
a ∈ L, there is nothing in M in between (a, 0) and (a, 1). Fixing any injective
sequence 〈ai : i < ω1〉 of elements of L, it is easy to verify that the sequence
〈((ai, 0), (ai, 1)) : i < ω1〉 fails to realize the type (1, 0) and so witnesses that M is
not 2-entangled.
Let us show that M is weakly 2-entangled. Consider a separated sequence of
pairwise disjoint increasing pairs 〈(xi, yi) : i < ω1〉 from M . Fix z ∈ M such that
for all i < ω1, xi <M z <M yi. For some m,n < 2, there are uncountably many
i < ω1 such that xi ∈ L × {m} and yi ∈ L × {n}. Without loss of generality,
assume that this holds for all i < ω1. For each i < ω1, write xi = (ai,m) and
yi = (bi, n). Note that for all i < ω1, since z is in between xi and yi, we cannot
have that ai = bi. It easily follows that ai <L bi by the lexicographical ordering.
Write z = (c, k) for some k < 2. Now it could be the case that for some i < ω1,
c is equal to either ai or bi. However, this can happen at most twice. So without
loss of generality, assume that c is not equal to ai or bi for all i < ω1. By the
lexicographical ordering, we have that ai <L c <L bi for all i < ω1.
Thus, 〈(ai, bi) : i < ω1〉 is a separated sequence of pairwise disjoint increasing
pairs of L. Since L is weakly 2-entangled, this sequence realizes any type. By the
lexicographical ordering, our original sequence 〈(xi, yi) : i < ω1〉 realizes any type
as well, as can be easily verified. The other claims that M is c.c.c., and that M is
4See [4] for more information about this linear order.
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separable iff L is separable, follow by similar arguments which we will leave for the
reader. 
Our next goal is to prove that for dense separable linear orders, n-entangled and
weakly n-entangled are equivalent.
Lemma 3.10. Let L be a dense separable linear order. Then for any pairwise
disjoint sequence of increasing pairs 〈(aξ, bξ) : ξ < ω1〉 from L, there exists an
uncountable set X ⊆ ω1 and some c ∈ L such that for all ξ ∈ X, aξ <L c <L bξ.
Proof. Fix a countable dense subset D of L. For each ξ < ω1, fix cξ ∈ D such that
aξ <L cξ <L bξ. Since D is countable, we can find X ⊆ ω1 uncountable and c ∈ L
such that for all ξ ∈ D, cξ = c. 
Proposition 3.11. Suppose that L is a dense separable linear order. Then for
all 2 ≤ n < ω, L is n-entangled iff L is weakly n-entangled. In particular, L is
entangled iff L is weakly entangled.
Proof. The forward direction is immediate. For the reverse direction, assume that
L is weakly n-entangled, and let 〈~xi : i < ω1〉 be a sequence of pairwise disjoint
increasing n-tuples of L. Using Lemma 3.10 inductively n− 1 many times, we can
find an uncountable set X ⊆ ω1 such that the sequence 〈~xi : i ∈ X〉 is separated.
Since L is weakly n-entangled, this sequence realizes any type, hence so does the
original sequence. 
Proposition 3.12. For all 2 ≤ n < ω, an uncountable set of reals is n-entangled
iff it is weakly n-entangled. In particular, an uncountable set of reals is entangled
iff it is weakly entangled.
Proof. Standard arguments about the real number line show that (1) any set of
reals is a separable linear order, and (2) for any uncountable set of reals X , there
is a countable set Y ⊆ X such that X \ Y is a dense linear order. Let X be an
uncountable set of reals, and assume that X is weakly n-entangled. Fix a countable
set Y ⊆ X such that X \ Y is dense. Then X \ Y is a dense separable linear order
which is weakly n-entangled, so by Proposition 3.11, X \ Y is n-entangled. Since
Y is countable, it follows that X is n-entangled as well. 
Theorem 3.13. There exists an ω1-Knaster forcing poset which adds a Suslin line
which is weakly entangled.
Proof. Let P be the forcing of Definition 2.5 which adds a normal Suslin tree with
rational successors. Recall that the conditions of P are finite trees whose elements
belong to Q∗ =
⋃
{Qα : α < ω1}, where Qα = {(α, q) : q ∈ Q} for each α < ω1.
The function h maps an element (α, q) in Q∗ to α. For each p ∈ P and α < ω1,
p ↾ α and p \ α are the subtrees of p consisting of nodes x ∈ p such that h(x) < α
or h(x) ≥ α respectively. Let T˙ be a P-name for the generic tree and let S˙ be a
P-name for the lexicographical ordering of T .
We will prove that P forces that S˙ is weakly n-entangled for all 2 ≤ n < ω. Fix
2 ≤ n < ω and a function g : n → 2. Suppose that p ∈ P, c0, . . . , cn−2 are in Q∗,
and p forces that
〈(a˙ξ,0, . . . , a˙ξ,n−1) : ξ < ω1〉
is a pairwise disjoint sequence of increasing n-tuples of S˙ such that for all i < n−1,
a˙ξ,i <S˙ ci <S˙ a˙ξ,i+1. By extending p further if necessary, we may assume without
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loss of generality that c0, . . . , cn−2 are in p. Our goal is to find q ≤ p and ξ < β < ω1
such that q forces that (a˙ξ,0, . . . , a˙ξ,n−1) and (a˙β,0, . . . , a˙β,n−1) satisfy the type g.
For each ξ < ω1, fix a condition pξ ≤ p and elements aξ,0, . . . , aξ,n−1 in pξ such
that pξ forces that for all i < n, a˙ξ,i = aξ,i. By a straightforward thinning out
argument, we can find a stationary set U ⊆ ω1 of limit ordinals larger than the
ordinals h(c0), . . . , h(cn−2) such that for all ξ < β in U , pξ ↾ ξ = pβ ↾ β, and for all
x ∈ pξ, h(x) < β.
By Lemma 2.8, for all ξ < β in U , pξ and pβ are compatible. It follows that the
n-tuples (aξ,0, . . . , aξ,n−1) and (aβ,0, . . . , aβ,n−1) must be disjoint. Thinning out
further if necessary, we may assume without loss of generality that:
(1) for all ξ ∈ U , the elements of the n-tuple (aξ,0, . . . , aξ,n−1) are in pξ \ ξ;
(2) for all ξ < β in U and i < n, the sets {x ∈ pξ ↾ ξ : x <pξ aξ,i} and
{x ∈ pβ ↾ β : x <pβ aβ,i} are equal.
For each ξ ∈ U and i < n, let a∗ξ,i denote the minimal member of the tree
pξ \ ξ which is less than or equal to aξ,i. Then a∗ξ,i is minimal in the tree pξ \ ξ.
Clearly, for all ξ < β in U and i < n, the sets {x ∈ pξ ↾ ξ : x <pξ aξ,i} and
{x ∈ pβ ↾ β : x <pβ a
∗
β,i} are equal.
We claim that for all ξ ∈ U and i < j < n, a∗ξ,i 6= a
∗
ξ,j, and hence aξ,i and aξ,j
are incomparable in pξ. Recall that pξ forces that aξ,i <S˙ ci <S˙ aξ,j . If a
∗
ξ,i = a
∗
ξ,j,
then a∗ξ,i is below both aξ,i and aξ,j in pξ. By Lemma 2.4, it follows that pξ forces
that the height of a∗ξ,i in T˙ is less than the height of ci in T˙ . This is impossible
since h(a∗ξ,i) ≥ ξ > h(ci), and the functions h and htT˙ are forced to be equal.
Fix ξ < β in U . Let y := {i < n : g(i) = 1}. Applying Lemma 2.8, we can find
q ≤ pξ, pβ whose underlying set is equal to the union of the underlying sets of pξ
and pβ such that for all b ∈ pξ \ ξ and c ∈ pβ \β, b <q c iff for some i ∈ y, b ≤pξ aξ,i
and a∗β,i ≤pβ c. In particular, for all i < n with g(i) = 1, aξ,i <q aβ,i. By the
definition of the lexicographical order S˙, q forces that aξ,i <S˙ aβ,i.
To complete the proof, it suffices to find r ≤ q which forces that for all i ∈ n \ y,
aβ,i <S˙ aξ,i. As shown above, for all i < j < n, a
∗
β,i 6= a
∗
β,j, and for each i < n, a
∗
ξ,i
and a∗β,i have the same immediate predecessor di in pξ ↾ ξ = pβ ↾ β. So the set
{(di, a
∗
ξ,i) : i ∈ n \ y} ∪ {(di, a
∗
β,i) : i ∈ n \ y}
is a finite family of distinct pairs such that the first member of each pair is the
immediate predecessor in the tree q of the second member. Also, since ξ is a limit
ordinal, h(di) < ξ ≤ h(a∗ξ,i), h(a
∗
β,i) for all i ∈ n \ y.
Since q is finite and the rationals are infinite, we can find a family of distinct
rationals
{qδ,i : δ ∈ {β, ξ}, i ∈ n \ y}
such that qβ,i < qξ,i for all i ∈ n \ y, and none of these rationals appear in q. Let
xi := (h(di) + 1, qβ,i) and yi := (h(di) + 1, qξ,i) be in Qh(di)+1 for all i ∈ n \ y.
By Lemma 2.7, we can find r ≤ q such that for all i ∈ n \ y, di <r xi <r a∗β,i
and di <r yi <r a
∗
ξ,i. Then for each i ∈ n \ y, di <r xi <r aβ,i, di <r yi < aξ,i,
xi <ht(di)+1 yi, and h(xi) and h(yi) are equal to h(di) + 1. By Lemma 2.11, for all
i ∈ n \ y, r forces that aβ,i <S˙ aξ,i. 
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4. Entangledness in Trees
It is reasonable to ask whether the idea of entangledness has any significance for
partial orders other than linear orders. In this section we address this question in
the class of ω1-trees.
Consider an ω1-tree T . Roughly speaking, T being n-entangled should mean
that any pairwise disjoint sequence of n-tuples 〈(aξ,0, . . . , aξ,n−1) : ξ < ω1〉 of nodes
of T , satisfying some property, realizes in some sense any type g : n → 2. We
will need to specify a reasonable property of sequences to assume and to define
what it means to satisfy a given type. Note that any pairwise disjoint sequence of
n-tuples has an uncountable subsequence such that any node in one of the n-tuples
has height less than the nodes appearing in n-tuples with larger index. But in that
case, the only possible relations between a node a in one n-tuple and a node b in
another with larger height is that either a <T b or a 6<T b. Thus, for satisfying
a type, it makes sense to indicate a <T b with the integer 1 and a 6<T b with the
integer 0.
A natural definition of T being 1-entangled would be that for any sequence
〈aξ : ξ < ω1〉 of nodes in T , where htT (aξ) < htT (aβ) for all ξ < β < ω1, there exist
ξ < β < ω1 such that aξ <T aβ , and there exist γ < δ such that aγ 6<T aδ. Thus,
T is 1-entangled iff T has no uncountable antichains and no uncountable chains, in
other words, iff T is Suslin. Thus, all further discussion of entangledness in ω1-trees
will be restricted to Suslin trees.
Suppose that the tree T is Suslin. Let us consider n-entangledness in T for n > 1.
We first observe that, since T is Suslin, for all γ < ω1 there exists a node x with
height γ which has two incomparable nodes above it. For suppose otherwise that γ
is a counterexample. Since the levels of T are countable, we can find uncountably
many nodes of height greater than γ which have the same node below them on level
γ. By the choice of γ, any two such nodes are comparable, and hence they form an
uncountable chain, contradicting that T is Suslin.
The following argument shows that some additional restriction must be placed
on the sequences referred to in the definition of 2-entangled. Using the observa-
tion from the previous paragraph, we can build by induction a sequence of triples
〈(xi, yi, zi) : i < ω1〉 satisfying:
(1) for all i < ω1, xi <T yi, xi <T zi, and yi and zi are incomparable;
(2) for all i < j < ω1, htT (yi) and htT (zi) are less than hT (xj).
Now consider the pairwise disjoint sequence 〈(yξ, zξ) : ξ < ω1〉. We claim that this
sequence does not realize the type (1, 1). Consider ξ < β < ω1, and suppose that
yξ <T yβ. Since xβ <T yβ and htT (yξ) < htT (xβ), it follows that yξ <T xβ . Since
xβ <T zβ, we have that yξ <T zβ. But yξ and zξ are incomparable, so they cannot
both be below the node zβ . Hence, zξ 6<T zβ. Thus, the type (1, 1) is not realized.
Note that in the above example, for all ξ < ω1, ∆(yξ, zξ) = htT (xξ) + 1. In
particular, the set {∆(yξ, zξ) : ξ < ω1} is unbounded in ω1. Thus, the following
definition of n-entangledness excludes this example.
Definition 4.1. Let 1 ≤ n < ω. An ω1-tree T is n-entangled if for all sequences
〈(aξ,0, . . . , aξ,n−1) : ξ < ω1〉 of injective n-tuples which satisfy that the set
{∆(aξ,i, aξ,j) : i < j < n, ξ < ω1}
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is bounded in ω1, for all g : n → 2 there exist ξ < β < ω1 such that for all
i < n, aξ,i <T aβ,i iff g(i) = 1. The tree T is entangled if it is n-entangled for all
1 ≤ n < ω.
We carry over all of the terminology about entangledness in linear orders which
was introduced after Definition 3.1 to entangledness in ω1-trees in the obvious way.
In addition, we introduce the following.
Definition 4.2. Let 1 ≤ n < ω, X ⊆ ω1, and 〈(aξ,0, . . . , aξ,n−1) : ξ ∈ X〉 a
sequence of injective n-tuples of nodes in an ω1-tree T . The sequence has increasing
height if for all ξ < β in X, for all i, j < n, htT (aξ,i) < htT (aβ,j). For ~c =
(c0, . . . , cn−1) ∈ T n, the sequence is above ~c if for all ξ ∈ X and i < n, ci <T aξ,i.
The following characterization of n-entangledness in ω1-trees will prove useful.
Lemma 4.3. Let 1 ≤ n < ω. An ω1-tree T is n-entangled iff for any injective
~c ∈ T n, for any sequence 〈(aξ,0, . . . , aξ,n−1) : ξ < ω1〉 of n-tuples of nodes of T
above ~c with increasing height, for all g : n → 2 there exist ξ < β < ω1 such that
for all i < n, aξ,i <T aβ,i iff g(i) = 1.
Proof. For the forward implication, assume that T is n-entangled, and consider
a sequence 〈(aξ,0, . . . , aξ,n−1) : ξ < ω1〉 of n-tuples of nodes of T with increasing
height and above some injective ~c ∈ T n. Recall that the elements of ~c all have the
same height. So for all ξ < ω1 and i < j < n, ci is below aξ,i but not below aξ,j,
and therefore ∆(aξ,i, aξ,j) is less than or equal to the height of ci. Hence, the set
{∆(aξ,i, aξ,j) : i < j < n, ξ < ω1} is bounded by the height of ~c in T n. Since T is
n-entangled, this sequence realizes any type.
For the reverse implication, assume that the second statement of the lemma
holds, and suppose that 〈(aξ,0, . . . , aξ,n−1) : ξ < ω1〉 is a sequence of injective
n-tuples which satisfies that for some δ < ω1, every element of the set
{∆(aξ,i, aξ,j) : i < j < n, ξ < ω1}
is less than δ. Then for each ξ < ω1, the n-tuple
(prT (aξ,0, δ), . . . , prT (aξ,n−1, δ))
is an injective member of T n of height δ. Now fix ~c ∈ T n and an uncountable set
X ⊆ ω1 such that for all ξ ∈ X ,
~c = (prT (aξ,0, δ), . . . , prT (aξ,n−1, δ)).
Thinning out further if necessary, we may assume that the sequence indexed by X
has increasing height. By reindexing if necessary, we may assume that X = ω1.
By assumption, this sequence realizes any type, and hence our original sequence
realizes any type. 
Suppose that T is a Suslin tree. Let 2 ≤ n < ω. Fix an injective ~c ∈ T n,
and consider the derived tree T~c. If T~c is not Suslin, then there exists a sequence
〈(aξ,0, . . . , aξ,n−1) : ξ < ω1〉 of distinct nodes in T~c such that for all ξ < β < ω1,
(aξ,0, . . . , aξ,n−1) and (aβ,0, . . . , aβ,n−1) are not comparable in T~c. By thinning out
if necessary, we may assume that this sequence has increasing height. So we get
a sequence of n-tuples above ~c with increasing height which does not realize the
type g : n → 2, where g(i) = 1 for all i < n. It follows that any ω1-tree which is
n-entangled is n-free, meaning that all of its derived trees of dimension n are Suslin.
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In particular, if T has a derived tree with dimension n which is special, then T is
not n-entangled.
Theorem 4.4. Let 1 ≤ n < ω. Then there exists an ω1-Knaster forcing which adds
a normal Suslin tree which is n-entangled and whose derived trees with dimension
n+ 1 are all special. In particular, n-entangled does not imply (n+ 1)-entangled.
Proof. The forcing we will use is a modification of the forcing P from Definition
2.5, and we assume that the reader is familiar with the notation used in Section 2
about this forcing. Let p ∈ P. For any 1 ≤ m < ω, let pm denote the set of all m-
tuples ~a = (a0, . . . , am−1) of nodes of p such that for all i < j < m, h(ai) = h(aj).
If h(ai) = ξ for all i < m, we will write h(~a) = ξ. For ~a = (a0, . . . , am−1) and
~b = (b0, . . . , bm−1) in p
m, we will write ~a <p ~b to indicate that for all i < m,
ai <p bi.
Define a forcing P∗ as follows. A condition in P∗ is any pair (p, f) satisfying:
(1) p ∈ P;
(2) f is a function with finite domain and range a subset of ω such that every
member of its domain is a pair of the form (~c,~a), where ~c and ~a are injective
tuples in pn+1 and ~c <p ~a;
(3) if (~c,~a) and (~c,~b) are both in dom(f) and ~a <p ~b, then f(~c,~a) 6= f(~c,~b).
Let (q, g) ≤ (p, f) if q ≤P p and f ⊆ g.
For any condition (p, f) ∈ P∗ and ordinal ξ < ω1, let f ↾ ξ be the restriction of
f to pairs of the form (~c,~a) where h(~a) < ξ.
Let T˙ be the P∗-name for the tree obtained as the union of all trees p for which
there exists some f such that (p, f) is in the generic filter. Let F˙ be a P∗-name for
the union of all functions f such that for some p, (p, f) is in the generic filter. The
following statements are true in V P:
(1) T˙ is a tree;
(2) the underlying set of T˙ is equal to Q∗, and for all α < ω1, level α of T˙ is
equal to Qα; in particular, T˙ is an ω1-tree;
(3) T˙ is normal;
(4) the domain of F˙ is equal to the set of all pairs (~c,~a) such that ~c is an
injective member of T˙ n+1 and ~a ∈ T˙~c;
(5) every derived tree of T˙ of dimension n+ 1 is special.
The proofs of (1)–(3) are basically the same as in the analogous claims for the
forcing P using Lemma 2.6. (4) follows in an easy way from the fact that conditions
are finite. (5) is true because as a result of (4) and the definition of P∗, for any
injective ~c ∈ T˙ n+1, the function F˙ ↾ ({~c} × T˙~c) witnesses that T˙~c is special. In
addition, a proof similar to the argument that P is ω1-Knaster shows that P
∗ is
ω1-Knaster (also, this argument is implicit in what follows).
It remains to show that P∗ forces that T˙ is n-entangled. Fix a function g : n→ 2.
Suppose that (p, f) is a condition in P∗, ~c = (c0, . . . , cn−1) is injective, and (p, f)
forces that 〈(a˙ξ,0, . . . , a˙ξ,n−1) : ξ < ω1〉 is a sequence of n-tuples of T˙ above ~c with
increasing height. By extending (p, f) further if necessary, we may assume that
c0, . . . , cn−1 are in p. We will find (q, f
∗) ≤ (p, f) and ξ < β < ω1 such that (q, f∗)
forces that (a˙ξ,0, . . . , a˙ξ,n−1) and (a˙β,0, . . . , a˙β,n−1) satisfy the type g.
For each ξ < ω1, fix (pξ, fξ) ≤ (p, f) and aξ,0, . . . , aξ,n−1 in pξ such that (pξ, fξ)
forces that for all i < n, a˙ξ,i = aξ,i. By a straightforward thinning out argument,
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we can find a stationary set S ⊆ ω1 of limit ordinals such that for all ξ < β in S,
pξ ↾ ξ = pβ ↾ β, fξ ↾ ξ = fβ ↾ β, and for all x ∈ pξ, h(x) < β.
Consider ξ < β in S. By Lemma 2.8, there exists q ≤P pξ, pβ such that q
contains no relations between members of pξ \ ξ and pβ \ β. It easily follows that
the pair (q, fξ ∪ fβ) is in P
∗ and is below (pξ, fξ) and (pβ , fβ). Hence, (pξ, fξ)
and (pβ , fβ) are compatible in P
∗. It follows that the n-tuples (aξ,0, . . . , aξ,n−1)
and (aβ,0, . . . , aβ,n−1) must be disjoint. Thinning out further if necessary, we may
assume without loss of generality that:
(1) for all ξ ∈ S, the nodes of (aξ,0, . . . , aξ,n−1) are in pξ \ ξ;
(2) for all ξ < β in S and i < n, the sets {x ∈ pξ ↾ ξ : x <pξ aα,i} and
{x ∈ pβ ↾ β : x <pβ aβ,i} are equal.
For each ξ ∈ S and i < n, let a∗ξ,i denote the minimal member of the tree pξ \ ξ
which is less than or equal to aξ,i. Note that a
∗
ξ,i is minimal in the tree pξ \ ξ.
Clearly, for all ξ < β in S and i < n, the sets {x ∈ pξ ↾ ξ : x <pξ a
∗
ξ,i} and
{x ∈ pβ ↾ β : x <pβ a
∗
β,i} are equal. For all ξ ∈ S and i < j < n, a
∗
ξ,i is above
ci and a
∗
ξ,j is above cj , and ci 6= cj have the same height. Thus, a
∗
ξ,i 6= a
∗
ξ,j. In
particular, aξ,i and aξ,j are not comparable in pξ.
Fix ξ < β in S. Define y := {i < n : g(i) = 1}. Applying Lemma 2.8, we can find
q ≤ pξ, pβ in P whose underlying set is the union of the underlying sets of pξ and
pβ such that for all b ∈ pξ \ ξ and c ∈ pβ \β, b <q c iff for some i ∈ y, b ≤pξ aξ,i and
a∗β,i ≤pβ c. In particular, for all i < n with g(i) = 1, aξ,i <q aβ,i. This description
of <q also implies that for all i < n with g(i) 6= 1, aξ,i 6<q aβ,i.
Define f∗ := fξ ∪ fβ. We claim that (q, f∗) is in P∗. It then easily follows that
(q, f∗) forces that for all i < n, aξ,i <T˙ aβ,i iff g(i) = 1. We already know that
q ∈ P. Since fξ ↾ ξ = fβ ↾ β, f
∗ is a function of the appropriate form. Now
assume that (~c,~a) and (~c,~b) are in the domain of f∗ and ~a <q ~b. We claim that
f∗(~c,~a) 6= f∗(~c,~b).
If (~c,~a) and (~c,~b) are either both in dom(fξ) or both in dom(fβ), then we are
done since (pξ, fξ) and (pβ , fβ) are conditions. But the only way that this would
not be true is if ~c is in the common part (pξ ↾ ξ)
n+1 = (pβ ↾ β)
n+1, ~a ∈ (pξ \ ξ)n+1,
and ~b ∈ (pβ \ β)n+1. We will show that this is impossible.
Let ~c = (c0, . . . , cn), ~a = (a0, . . . , an), and ~b = (b0, . . . , bn). Then ci <q ai <q bi
for all i ≤ n. Reviewing the definition of q, for any j ≤ n the only way that bj could
be above a member of pξ \ ξ is that for some ij ∈ y, a∗β,ij ≤pβ bj . Since y has size
at most n, by the pigeon hole principle there must be j < k < n such that ij = ik.
Now cj and a
∗
β,ij
are both below bj , so they are comparable in q. But h(a
∗
β,ij
) ≥ β
and h(cj) < β, so cj <q a
∗
β,ij
. Similarly, ck <q a
∗
β,ik
. But ij = ik, so cj and ck are
below the same node in q. This is impossible since cj and ck are distinct and have
the same height. 
5. Freeness and entangledness
Recall from the previous section that an ω1-tree T is 1-entangled iff it is Suslin,
and for all 2 ≤ n < ω, if T is n-entangled then every derived tree of T with
dimension n is Suslin. In other words, n-entangled implies n-free. In this section
we will prove that n-entangled is equivalent to n-free.
For any tree T , let PT denote the partial order with underlying set equal to the
underlying set of T , with the partial ordering b ≤PT a if a ≤T b.
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Lemma 5.1. Let T be a Suslin tree. If A ⊆ T is uncountable, then there exists
a ∈ T such that Ta is uncountable and A is dense below a in PT .
Proof. The fact that T is Suslin easily implies that there are at most countably
many terminal nodes of T . So if the conclusion fails, then for all a ∈ T with large
enough height, there exists b >T a such that for all c ∈ A, c 6>T b. Define by
induction nodes ai and bi all i < ω1 as follows. Let δ < ω1 and assume that ai
and bi have been defined for all i < δ. Since A is uncountable, choose aδ ∈ A
whose height in T is greater than the heights of ai and bi for all i < δ. Now choose
bδ >T aδ such that for all c ∈ A, c 6>T bδ.
We claim that {bi : i < ω1} is an antichain, which contradicts that T is Suslin.
Consider i < j, and assume for a contradiction that bi and bj are comparable.
Since htT (bj) > htT (aj) > htT (bi), it follows that bi <T bj. As aj <T bj and
htT (aj) > htT (bi), we have that bi <T aj . But aj ∈ A, so this contradicts the
choice of bi. 
Lemma 5.2. Suppose that T is a normal Suslin tree. If A ⊆ T is uncountable,
a ∈ T , and A is dense below a in PT , then a forces in PT that A contains both an
uncountable chain and an uncountable antichain of T .
Proof. We first claim that a forces that G˙ ∩ A is uncountable. Otherwise there
exists b ≥T a and γ < ω1 such that b forces that G˙∩A ⊆ T ↾ γ. Since T is normal,
fix c >T b with htT (c) ≥ γ. As A is dense below a, fix d >T c in A. Then d forces
that d ∈ G˙ ∩ A, which contradicts the choice of γ.
Secondly, we claim that every member of A which is above a in T has two
incomparable nodes above it in A. If not, then there exists b ∈ A above a such that
the set {c ∈ A : b <T c} is a chain. Now b forces that G˙ ∩ A is uncountable by
the first claim. And b forces that every member of G˙ ∩A with height greater than
htT (b) is above b. It follows that b forces that the set {c ∈ A : b <T c} contains the
uncountable set G˙ ∩ A. Hence, the chain {c ∈ A : b <T c} is in fact uncountable,
contradicting that T is a Suslin tree.
Now we are ready to prove the lemma. Let G be a generic filter on PT which
contains a. We will show that in V [G], A contains an uncountable chain and an
uncountable antichain. Now G is a chain of T , and G ∩ A is uncountable by the
first paragraph. So G ∩ A is an uncountable chain which is a subset of A, which
proves the first part. Since G is a chain, the claim in the previous paragraph easily
implies that for each b ∈ G ∩ A above a, there exists cb >T b such that cb is in
A \G. Now we can inductively define a sequence 〈bi : i < ω1〉 satisfying:
(1) for all i < ω1, bi >T a and bi ∈ G ∩ A;
(2) for all δ < ω1, for all i < δ, htT (bδ) > htT (cbi).
We claim that {cbi : i < ω1} is an uncountable antichain contained in A. Suppose
for a contradiction that there are i < j < ω1 such that cbi and cbj are comparable.
Since bj <T cbj and htT (cbi) < htT (bj), cbi <T cbj , and hence also cbi <T bj . Since
bj ∈ G and bj ≤PT cbi , cbi ∈ G, which contradicts the choice of cbi . 
Lemma 5.3. Let T be a normal ω1-tree. Let ~c ∈ T n be injective and assume that
T~c is Suslin. Suppose that 〈~ai : i < ω1〉 is a sequence of n-tuples above ~c with
increasing height. Let f, g : n→ 2 be the functions such that f(i) = 1 and g(i) = 0
for all i < n.
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Then the sequence 〈~ai : i < ω1〉 realizes both f and g. Moreover, there exists
~d ∈ T~c such that ~d forces in PT~c that there exist uncountable sets X,Y ⊆ ω1 such
that for all ξ < β in X, ~aξ and ~aβ satisfy the type f , and for all γ < δ in Y , ~aγ
and ~aδ satisfy the type g.
Proof. Note that the second conclusion is stronger than the first, since satisfying
a type is absolute between models of set theory. We will prove the lemma by
induction on n. For the base case, let c ∈ T and assume that Tc is Suslin. Let
〈ai : i < ω1〉 be a sequence of nodes with increasing height above c. By Lemma 5.1,
we can find d ∈ Tc such that {ai : i < ω1} is dense below d in PTc . By Lemma 5.2, d
forces in PTc that {ai : i < ω1} contains an uncountable chain and an uncountable
antichain. But any two distinct members of a chain will satisfy f , and any two
distinct members of an antichain will satisfy g.
For the inductive step, fix 1 ≤ n < ω and assume that the desired property
holds for n. Let ~c = (c0, . . . , cn) ∈ T
n+1 be injective and assume that T~c is Suslin.
Consider a sequence of (n+ 1)-tuples 〈~ai : i < ω1〉 with increasing height above ~c.
Now T~c↾n is Suslin and 〈~ai ↾ n : i < ω1〉 is a sequence of n-tuples with increasing
height above ~c ↾ n. By the inductive hypothesis, there exists ~d∗ ∈ T~c↾n and names
X˙∗ and Y˙ ∗ for uncountable subsets of ω1 such that ~d
∗ forces in PT~c↾n that for all
ξ < β in X˙∗, ~aξ ↾ n and ~aβ ↾ n satisfy the type f ↾ n, and for all γ < δ in Y˙
∗,
~aγ ↾ n and ~aδ ↾ n satisfy the type g ↾ n.
Let G∗ be a generic filter on T~c↾n which contains ~d
∗. Let X∗ := (X˙∗)G and
Y ∗ := (Y˙ ∗)G. Since T~c is Suslin, Tcn remains a Suslin tree in V [G
∗] by Lemma 1.1.
Write ~aξ = (aξ,0, . . . , aξ,n) for all ξ < ω1. Now {aξ,n : ξ ∈ X∗} is an uncountable
subset of Tcn . By Lemmas 5.1 and 5.2 applied in V [G
∗], we can find d >T cn and
names X˙ ′ and Y˙ ′ for uncountable subsets of X∗ and Y ∗ respectively such that d
forces in PTcn over V [G
∗] that {aξ,n : ξ ∈ X˙ ′} is a chain and {aγ,n : γ ∈ Y˙ ′} is
an antichain. Then d forces that if ξ < β are in X˙ ′, then they are in X∗ and
hence ~aξ ↾ n and ~aβ ↾ n satisfy the type f ↾ n, which is equivalent to saying
that ~aξ ↾ n <T~c↾n ~aβ ↾ n; moreover, aξ,n <Tcn aβ,n. So altogether, d forces that
~aξ <T~c ~aβ , and hence that ~aξ and ~aβ satisfy the type f . A similar argument shows
that d forces that if γ < δ are in Y˙ ′, then ~aγ and ~aδ satisfy the type g. Now choose
PT~c-names X˙ and Y˙ for X˙
′ and Y˙ ′ respectively and a condition ~d = (d0, . . . , dn) in
PT~c with
~d∗ ≤Tn (d0, . . . , dn−1) and d ≤T dn which forces the above information
about X˙ and Y˙ . 
Theorem 5.4. Let T be a normal Suslin tree. Then for all 2 ≤ n < ω, T is
n-entangled iff T is n-free. In particular, T is entangled iff T is free.
Proof. We already know that n-entangled implies n-free. Let 2 ≤ n < ω and assume
that T is n-free. We will prove that T is n-entangled. Suppose that 〈~ai : i < ω1〉 is a
sequence of n-tuples with increasing height above some injective ~c = (c0, . . . , cn−1)
in T n. Let g : n → 2. We will find ξ < β < ω1 such that ~aξ and ~aβ satisfy g. If g
is either constant 1 or constant 0, then we are done by Lemma 5.3, so assume not.
Fix positive integers m and k such that n = m+k and the set {i < n : g(i) = 1}
has size m. We first prove the statement in the simpler case that for all i < m,
g(i) = 1, and for all m ≤ i < n, g(i) = 0. Since the property of a pair satisfying
the type g is absolute between models of set theory, it suffices to find a generic
extension of V by a c.c.c. forcing in which there exists an uncountable X ⊆ ω1 such
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that for all ξ < β in X , ~aξ and ~aβ satisfy g. By Lemma 5.3, we can find ~d ∈ T~c↾m
and a PT~c↾m -name Y˙ such that
~d forces that Y˙ is an uncountable subset of ω1 and
for all ξ < β in Y˙ , ~aξ ↾ m and ~aβ ↾ m satisfy the constant 1 function.
Fix a generic filter G on PT~c↾m which contains
~d. Let ~c \m := (cm, . . . , cn−1).
Then in V [G], T~c\m is Suslin by Lemma 1.1. And 〈(aξ,m, . . . , aξ,n−1) : ξ ∈ Y˙ 〉 is a
sequence of k-tuples with increasing height above (cm, . . . , cn−1). Applying Lemma
5.3 in V [G], fix a V [G]-generic filter H on PT~c\m and an uncountable set X ⊆ Y in
V [G][H ] so that for all ξ < β in X , (aξ,m, . . . , aξ,n−1) and (aβ,m, . . . , aβ,n−1) satisfy
the constant 0 type. Then in V [G][H ], for all ξ < β in X , ~aξ and ~aβ satisfy the
type g.
In general, fix a bijection σ : n → n so that σ[m] = {i < n : g(i) = 1}. Define
g∗ : n→ 2 by g∗ := g ◦σ. Then g∗ satisfies that for all i < m, g∗(i) = 1, and for all
m ≤ i < n, g∗(i) = 0. Let ~e = (e0, . . . , en−1) satisfy that for all i < n, ei := cσ(i).
For all ξ < ω1, let ~bξ = (bξ,0, . . . , bξ,n−1) be the n-tuple such that for all i < n,
bξ,i := aξ,σ(i). Then 〈~bξ : ξ < ω1〉 is a pairwise disjoint sequence of n-tuples with
increasing height above ~e. By the previous paragraph, there exist ξ < β < ω1 such
that ~bξ and ~bβ satisfy the type g
∗. Unwinding the above definitions, it is easy to
check that ~aξ and ~aβ satisfy the type g. 
This last theorem together with Theorem 4.4 implies the next result.
Corollary 5.5. For all 1 ≤ n < ω, there exists an ω1-Knaster forcing which adds
a normal n-free Suslin tree such that all derived trees of T of dimension n+ 1 are
special. In particular, n-free does not imply (n+ 1)-free.
We remark that G. Scharfenberger-Fabian previously proved that n-free does not
imply (n+ 1)-free using a different argument ([5, Corollary 3.5]).
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